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Percolation in real interdependent networks
Filippo Radicchi
The function of a real network depends not only on the reliability of its own components, but is affected also by the
simultaneous operation of other real networks coupled with it. Whereas theoretical methods of direct applicability to real
isolated networks exist, the frameworks developed so far in percolation theory for interdependent network layers are of
little help in practical contexts, as they are suited only for special models in the limit of infinite size. Here, we introduce a
set of heuristic equations that takes as inputs the adjacency matrices of the layers to draw the entire phase diagram for
the interconnected network. We demonstrate that percolation transitions in interdependent networks can be understood by
decomposing these systems into uncoupled graphs: the intersection among the layers, and the remainders of the layers. When
the intersection dominates the remainders, an interconnected network undergoes a smooth percolation transition. Conversely,
if the intersection is dominated by the contribution of the remainders, the transition becomes abrupt even in small networks.
We provide examples of real systems that have developed interdependent networks sharing cores of ‘high quality’ edges to
prevent catastrophic failures.
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ercolation is among the most studied topics in statistical
physics1 . The model used to mimic percolation processes
assumes the existence of an underlying network of arbitrary
structure. Regular grids are traditionally considered to model
percolation in materials2,3 . Complex graphs are instead adopted in
the analysis of spreading phenomena in social environments4,5 , or in
robustness studies of technological and infrastructural systems6–8 .
Given a network, a configuration of the percolation model is
generated assuming nodes present with probability p. For p = 0, no
nodes are present in the network, leading therefore to a disconnected
configuration. For p = 1, all nodes are present and within the
same connected cluster. As p varies, the network undergoes a
structural transition between these two extreme configurations.
Usually, random percolation processes give rise to continuous phase
transitions9 . This means that the size of the largest cluster in the
network, used as a proxy for the connectedness of the system,
increases from the non-percolating to the percolating phases in a
smooth fashion. Several theoretical approaches, that do not rely on
the direct simulation of the model, are available for the analysis of
percolation transitions in isolated real graphs. These include, among
others, sets of heuristic equations to draw phase diagrams and
estimate percolation thresholds10–12 , as well as effective protocols for
the mitigation of malicious attacks13–15 .
The percolation transition may become discontinuous in a
different model involving not just a single network, but a system
composed of two or more interdependent graphs16,17 . This is a
very realistic scenario considering that many, if not all, real graphs
are ‘coupled’ with other real networks. Examples can be found in
several domains: social networks (for example, Facebook, Twitter)
are coupled because they share the same actors18 ; multimodal
transportation networks are composed of different layers (for
example, bus, subway) that share the same locations19,20 ; the
functioning of communication and power grid systems depend one
on the other16 . In the simplest case, one considers an interconnected
system composed of only two network layers. The two layers have
the same set of nodes, but not necessarily identical sets of edges
(see Fig. 1). In the percolation model defined on this system, nodes
are present with probability p. As p varies, the connectedness of
the interdependent system is monitored through the size of the

largest cluster of mutually connected nodes16 . A cluster of mutually
connected nodes is a set of vertices with the property that every node
in the cluster has at least one neighbour belonging to that cluster in
every layer. It has been proved that, in infinitely large interconnected
systems composed of two uncorrelated random networks, the
percolation transition is discontinuous16,21,22 . However, this result
has been shown not to apply to more general network models
that account for degree correlations23,24 . Unfortunately, all these
theoretical approaches have been developed under two special, and
unrealistic, assumptions. First, they hypothesize that network layers
are generated according to graph models whose topology is not
specified by a one-zero adjacency matrix, but a list of probabilities
for pairs of nodes to be connected. Second, they apply only to the
case of infinitely large systems. Real interdependent networks, on
the other hand, have layers not compatible with network models,
and finite size. In this paper, we introduce a novel set of heuristic
equations able to describe percolation in interdependent networks
under these two realistic conditions.
Our methodology builds on a recent theory developed for
percolation in real isolated networks10–12 (see Supplementary
Information), and generalizes it to describe percolation transitions
in two interdependent networks. Indicate with A and B the
adjacency matrices of the two network layers. Each layer is given
by an undirected and unweighted graph composed of N nodes.
The structure of the graph in one of the two layers is encoded
by the adjacency matrix A, a symmetric N × N matrix whose
generic element Aij = 1, if vertices i and j share an edge, and Aij = 0,
otherwise. The definition of the adjacency matrix B for the other
layer is analogous. Without loss of generality, we assume that, when
all nodes are present in the network, the graph is formed by a single
mutually connected component. Let us consider an arbitrary value
of the site occupation probability p ∈ (0, 1), and indicate with si the
probability that the generic node i is part of the largest cluster of
mutually connected nodes. The order parameter of the percolation
transition is defined simply as the average of these probabilities over
all nodes in the graph, that is,
1 X
si
(1)
P∞ =
N i
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Figure 1 | Decomposition of interconnected networks into uncoupled graphs. a, Schematic example of two coupled networks A and B. In this
representation, nodes of the same colour are one-to-one interdependent. b, In the percolation model, the interconnected system is equivalent to a set of
three graphs that do not share any edge: the remainders of the network layers A and B, and their intersection.

Note that the variables si and the order parameter of equation (1)
are functions of p, but, in the following, we omit this dependence
for brevity of notation. Indicate respectively with NiA and NiB the
sets of neighbours of vertex i on layers A and B. Then, define three
disjoint sets of nodes: ABi = NiA ∩ NiB is the set of nodes that are
neighbours of vertex i in both layers, A − Bi = NiA \ ABi is the set
of nodes connected to vertex i only in layer A but not in B, and
B − Ai = NiB \ ABi is the set of nodes that are neighbours of vertex
i in layer B but not in A. Our first attempt to write the probability si
that node i is in the largest mutually connected cluster of the system
is given by the heuristic equation
si = p [SABi + (1 − SABi ) SA−Bi SB−Ai ]

(2)

where SX = 1 − j∈X (1 − sj ) is the probability that at least one of the
nodes j in the set X is part of the largest cluster (for the empty set
∅, we have S∅ = 0). Equation (2) states that, given that the vertex
is occupied, the probability si for node i being part of the largest
mutually connected cluster is given by the sum of two contributions:
first, the probability to be connected to the largest cluster thanks
to at least one vertex connected to i in both layers; second, if the
latter condition is not true, the probability that node i is connected
to the largest cluster through at least one node k in layer A and one
node ` in layer B, with k 6 = `. Note that, if the network layers are
identical, then equation (2) correctly reduces to the equation valid
for isolated networks (see Supplementary Information). In other
words, one can split the set of edges in the system into three different
subsets, and then construct three different graphs on the basis of this
unique division (see Fig. 1): the intersection graph with adjacency
matrix given by the Hadamard product of the matrices A and B
[that is, the (i, j)th element of the adjacency matrix is Aij Bij ]; the
remnant of network A, where the edge between nodes i and j is
Q
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present only if Aij (1 − Bij ) = 1; and the remainder of graph B, whose
(i, j)th adjacency matrix element equals Bij (1P
− Aij ). If we define
ui = ln(1 P
− si ), we can write SABi = 1 − exp [ j A
Pij Bij uj ], SA−Bi =
1 − exp [ j Aij (1 − Bij )uj ] and SB−Ai = 1 − exp [ j Bij (1 − Aij )uj ].
Thus, the numerical solution of equation (2) can be obtained
in a certain number of iterations, each having a computational
complexity that grows as the number of edges present in the denser
layer. In the linear approximation, the transition is determined
only by the contribution of the intersection graph. So, if the
intersection ‘dominates’ the remainders, the transition is smooth,
and the percolation threshold is approximated by 1/λI , where λI
is the largest eigenvalue of the adjacency matrix of the intersection
graph (see Supplementary Information).
The most serious limitation of equation (2) is to introduce
a positive feedback among probabilities. An increment in the
probability si produces an increase in the probabilities sj of the
neighbours, which in turn causes an increment in the probability
si , and so on. The same exact problem arises in the study
of percolation on isolated networks, and represents the basic
difference between heuristic equations that lead to the same
estimate for the percolation threshold as the one provided by
Bollobás et al. in dense graphs10 , and the heuristic approaches
by Karrer et al.11 and Hamilton and Pryadko12 in sparse tree-like
graphs (see Supplementary Information). To avoid the presence
of self-reinforcement mechanisms in equation (2), we introduce
another system of heuristic equations, according to which si obeys
si = p [RABi + (1 − RABi ) RA−Bi RB−Ai ]

(3)

Q
where RXi = 1 − j∈X (1 − ri→j ), and the three sets ABi , A − Bi and
B − Ai are defined as above. Here, ri→j stands for the probability that
node j is part of the largest cluster of mutually connected nodes,
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Figure 2 | Percolation transition in artificial interconnected networks. a, Percolation diagrams for interdependent Erdős–Rényi (ER) graphs with average
degree hki. We compare results of numerical simulations (large symbols) with the solutions of our equations (small symbols). Results are obtained on a
single instance of the network model, where both layers have size N = 104 . Different colours and symbols refer to different values of the average degree hki.
b,c, Finite-size scaling analysis for coupled ER models. For a given size N of the network, we generate several instances of the model, and compute pc (N)
(b) and P∞ [pc (N)] (c) using the numerical solution of our equations (see Supplementary Information). Both quantities are multiplied by the average degree
hki. Points refer to average values obtained over several realizations of the graph model and error bars stand for standard deviations. We use the same
symbols and colours as those of a. Results are compared with pc hki = 2.4554 and P∞ (pc )hki = 1.2564 (dashed black lines), as predicted by Buldyrev et al. in
the limit N → ∞ (ref. 16). d, We generate a single ER graph with N = 104 and hki = 3, and use it as structure for both layers. We then exchange, with
probability q, the label of every node of layer A with a randomly selected vertex. Results of numerical simulations (large symbols) are compared with the
solutions of our equations (small symbols). e, Percolation diagrams for single instances of√
interconnected scale-free networks. Each layer is obtained by
randomly connecting vertices whose degrees obey the distribution P(k) ∼ k−γ , if k ∈ [kmin , N], and P(k) = 0, otherwise. Here, N = 104 and kmin = 5. Results
of numerical simulations (large symbols) are compared with the solutions of our equations (small symbols). f,g, Finite-size scaling analysis for coupled
scale-free networks (kmin = 3). As the size N of the network grows, the pseudo-critical threshold pc (N) gets closer to the critical threshold pc in a power-law
fashion (f). Similar scaling hypothesis are tested for P∞ [pc (N)] (g). Points indicate average values obtained, using the numerical solution of our equations
(see Supplementary Information), over at least ten independent realizations of the network model. Error bars quantify instead the standard deviation of the
measures across different realizations. For any value of the degree exponent γ , we find that the asymptotic values pc and P∞ (pc ) are strictly larger than
zero (see Supplementary Information). h, We generate a graph with N = 104 nodes, and degrees extracted from a power-law distribution (γ = 2.5, kmin = 3).
We use this network as structure for both layers. We then exchange, with probability q, the label of every node of layer A with a randomly selected vertex.
Results of numerical simulations (large symbols) are compared with the solutions of our equations (small symbols).

disregarding whether vertex i belongs to it or not. Although this
quantity can be defined for any pair of nodes, only contributions
given by adjacent vertices play a role in equation (3). We can think of
ri→j as one of the 2E components of a vector r. In the definition of r,
every edge (i, j) in the graph is responsible for two entries—namely,
ri→j and rj→i . For consistency, the probability ri→j is described by the
following heuristic equation
ri→j = p [RABj \{i} + (1 − RABj \{i} ) RA−Bj \{i} RB−Aj \{i} ]

(4)

The products on the r.h.s. of equation (4) run over all neighbours of node j, excluding vertex i. If the network layers are
identical, then equations (3) and (4) reduce to the equations
valid for an isolated network (see Supplementary Information).
If we indicate with r(AB) the vector whose components are generated by edges present in the intersection graph, w(AB) the vec(AB)
(AB)
tor with entries of the type wi→j
= ln(1 − ri→j
), and M (AB) the

25,26
non-backtracking matrixP
of the intersection graph, we can
(AB)
(AB)
write RABj \{i} = 1 − exp [ k→` Mi→j,k→`
w
k→` ]. In a similar spirit,
P
(A−B)
(A−B)
] and
we can also write P
RA−Bj \{i} = 1 − exp [ k→` Mi→j,k→`
wk→`
(B−A)
(B−A)
RB−Aj \{i} = 1 − exp [ k→` Mi→j,k→` wk→` ], where these equations
are respectively valid only for edges that belong to either layer A
or B. Our equations generalize the use of the non-backtracking
matrix to study percolation from isolated to interdependent networks. Whereas the role of the intersection graph in percolation on
interdependent graph models of infinite size has been recently considered in some works27–29 , we are not aware of existing theoretical
approaches of direct applicability to arbitrary finite-size networks.
In the linear approximation, the transition is determined only by
the contribution of the intersection graph, and the problem becomes
equivalent to the one valid for isolated networks11,12 : the transition
is smooth, and the percolation threshold is given by 1/µI , with
µI being the largest eigenvalue of the non-backtracking matrix of
the intersection graph (see Supplementary Information). Note that
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Figure 3 | Percolation transition in interdependent biological networks. a, Phase diagram for the multi-layer H. sapiens protein interaction network36,37 .
Edges in different layers represent diverse types of connections among proteins: direct interaction, physical association and co-localization. When
analysing a multiplex with two of these layers, we restrict our attention only to the set of nodes present in both layers. For each of the three systems formed
by two interconnected networks that we can generate with this data, we draw the percolation diagram by means of numerical simulations (large symbols)
and numerical solution of our equations (small symbols). Vertical shaded lines stand for 1/µI , with µI being the largest eigenvalue of the non-backtracking
matrix of the intersection graph. b, Phase diagram for the multi-layer network of the C. elegans connectome37 . Edges in different layers represent different
types of synaptic junctions among the neurons: electrical, chemical monadic and chemical polyadic. Vertical shaded lines stand for 1/µI .
c–e, Decomposition of the multi-layer C. elegans connectome. c, Remnant of the layer corresponding to electrical junctions. d, Intersection among the layers
corresponding to electrical and chemical monadic interactions. e, Remainder of the layer corresponding to chemical monadic junctions. In panels c–e,
nodes belonging to the largest connected component are represented with red circles. All other nodes are represented with blue squares. Although the
remainders contain the vast majority of edges in the system, the largest component in the intersection graph (d) is characterized by a core of nodes and
edges compact enough to prevent an abrupt percolation transition.

the interesting physics for percolation on interconnected networks
becomes apparent only if the nonlinear terms of equations (3)
and (4) are not neglected. Owing to the nonlinearity of the problem, we can rely only on the numerical solution of the equations.
This can be obtained by iteration in a relatively fast way, because
every iteration has a computational complexity that scales linearly
with the total number of edges E, and the computational time τ
required to draw the entire diagram for a given network scales as
τ ∼ E ln(E) (see Supplementary Information). We stress that the
solution of the equations provides, at cost of working in the locally
tree-like approximation, the entire percolation diagram of a given
interconnected network over an infinite number of realizations of
the percolation model without the need to run any simulation. Treebased approximations clearly do not apply to regular lattices, but
allow effective methods also in many real networks that are not
locally tree-like11,30 . The same solution obtained from our equations
can be used to describe not only site but also bond percolation.
The order parameters of the two models differ only by a multiplicative factor, so we can solve one model using the other (see
Supplementary Information). We believe that this represents a great
achievement, although efficient algorithms to simulate percolation
processes—either site or bond—in interdependent networks are
already available on the market31,32 .
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Phase diagrams obtained through the numerical solution of
equations (3) and (4) reproduce the results of numerical simulations
very accurately. In Fig. 2a, we consider systems composed of two
independent Erdős–Rényi network models with average degree hki.
A fundamental feature that the diagrams reveal is the presence of
a sudden jump in the order parameter P∞ at a certain threshold
pc , in the sense that the left- and right-hand limits of the function
P∞ are different at p = pc . Our equations predict the presence of
a point discontinuity for P∞ in networks of finite size. This jump
is due to the nonlinear terms of equations (3) and (4). A similar
nonlinearity, and resulting discontinuity, arises also in equations
associated with cores in random graphs33 . As the linearization of
equations (3) and (4) is not useful in revealing the eventual presence
of a discontinuity in P∞ , the identification of pc cannot be reduced
to the solution of an eigenvalue problem, as in the case of smooth
transitions in isolated networks (see Supplementary Information).
Note that a discontinuity for P∞ in finite-size networks may not
correspond to a true discontinuous phase transition, unless a
non-vanishing jump persists also in the limit of infinitely large
networks34 . The latter is what we observe in our finite-size scaling
analyses of Fig. 2b,c. As the system grows in size, the location of
the critical point pc and the height of the jump P∞ (pc ) stabilize
to values already predicted for this type of graph model in the
NATURE PHYSICS | VOL 11 | JULY 2015 | www.nature.com/naturephysics
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Figure 4 | Percolation transition in interconnected transportation networks. a, Red points refer to results obtained on the interdependent network whose
layers are given by Delta and American Airlines routes, respectively. We consider only US domestic flights operated in January 2014 (ref. 40), and
construct an interconnected network where airports are nodes, and connections on the layers are determined by the existence of at least one flight
between the two locations. In the percolation diagram, large symbols are results of numerical simulations, whereas small symbols represent the solutions
of our equations. We perform the same analysis also for the combination of flights Delta—United (blue) and American Airlines—United (black). Vertical
shaded lines indicate 1/µI —that is, the predicted threshold values for percolation on the intersection graphs. b–d, Intersection graphs for the systems
analysed in a. In the various network visualizations, nodes belonging to the largest connected component are represented with red circles. All other nodes
are instead represented with blue squares. Major airports and connections among them constitute the structural cores that make these networks robust
against abrupt percolation transitions.

limit of infinite size16,21,22 . We argue that P∞ exhibits a sudden
jump only if the contribution of the remainders dominates the
importance of the intersection. This condition is certainly verified
in interdependent Erdős–Rényi graphs, where the intersection is
composed of a very small number of edges, roughly equal to hki2 /2,
whereas the number of edges in each of the remnants is proportional
to hki N /2. Our intuition is fully supported by the results of Fig. 2d.
Here, we control for the weight of the intersection with respect
to those of the remnants in a simple fashion35 . The two layers
have the same network structure. Labels of interdependent nodes
are, however, shuffled with probability q. For small q values, P∞
varies in a smooth fashion over the entire phase diagram. For
sufficiently large q values, P∞ exhibits a discontinuous behaviour.
For intermediate values of q, the jump does not start off from zero,
but the discontinuity is anticipated by a smooth increase. Finitesize scaling analyses confirm that, even in this regime, P∞ (pc ) does
decrease to zero as the size of the system grows (see Supplementary
Information). This model provides further insights. We find that
the percolation transition changes its nature—from continuous
to discontinuous—approximately when the largest eigenvalue µI
of the non-backtracking matrix of the largest component of the
intersection graph becomes comparable to the smallest among
the largest eigenvalues of the same matrices defined for the
remainders, namely µA,B . These considerations are valid also for
other homogeneous networks, such as coupled regular graphs (see
Supplementary Information).
Next, we consider the case of network layers given by scale-free
random graphs. A jump for P∞ is visible in finite-size networks if

the layers are sufficiently sparse and generated in an independent
manner, so that only the remainders are present (Fig. 2e). Finite-size
scaling analyses allow one to extrapolate, for networks of infinite
size, non-vanishing asymptotic values for pc (Fig. 2f) and P∞ (pc )
(Fig. 2g). The transition in finite networks can be tuned from
smooth to abrupt by randomly relabelling, with probability q, nodes
in one of the two layers, despite the layers having identical structure
(Fig. 2h). If we observe P∞ as a function of q for different system
sizes, we note, however, a fundamental difference with respect to
the case of homogeneous graphs. The change in the nature of the
transition is not delimited by the condition µI − µA,B = 0. This fact
can be explained by considering that hub-to-hub edges play a central
role in percolation processes15 . Until q becomes large enough to
allow a sufficient number of hubs to be relabelled, the percolation
transition cannot become abrupt (see Supplementary Information).
Thus, in heterogeneous graphs, the nature of the transition is not
determined by the number of edges shared across layers, but rather
their ‘quality’.
Similar considerations may serve to explain why real
interdependent networks seem not to experience catastrophic
failures24 . In Fig. 3, we draw the percolation diagrams for two
interconnected systems of interest in the biological sciences: the
H. sapiens protein interaction network36,37 , and the C. elegans
connectome37 . These interconnected systems undergo smooth
percolation transitions, perfectly reproduced by our equations.
Connections in the intersection graph account for less than
10% in five out of the six interdependent networks analysed
(see Supplementary Information). Therefore, it seems that these
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organisms have developed interconnected networks sharing a
core of ‘high quality’ edges to prevent catastrophic failures. This
observation can be more quantitatively supported by the fact that
the P∞ starts to smoothly increase from zero for p ' 1/µI , as the
linear expansion of the equations would predict (see Supplementary
Information). The same properties seem to characterize also the
multi-layer air transportation network within the US (Fig. 4)38,39 .
Although a small discontinuity is visible in the solution of our
heuristic equations, the height of the jump is not as marked as
observed in random uncorrelated graphs. Major airports all belong
to the largest connected component of the intersection graph,
and their connections constitute a set of ‘high quality’ edges that
avoid truly catastrophic changes in the connectedness of the entire
interdependent system.
In summary, we introduced a novel set of equations able to fully
characterize percolation phase diagrams in finite-size interdependent networks. The framework helps in providing an independent
method, being orthogonal to most of other approaches available
on the market, to identify cores of quality links able to prevent
catastrophic failures in real systems. Whereas the networks analysed
here indicate that quality links mainly correspond to hub-to-hub
edges, thus confirming previously established results14,15,23,24 , we do
not exclude that our framework may be able to identify, in other
real systems, cores of ‘high quality’ edges with completely different
features. Also, we speculate that our equations, with suitable modifications accounting for node or edge attributes, may be used for the
optimization of network quality functions other than robustness.
Received 13 January 2015; accepted 21 May 2015;
published online 15 June 2015
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